A complex-source beam (CSB) is used to investigate the electromagnetic scattering and diffraction by the tip of a perfectly conducting semi-infinite circular cone. The boundary value problem is defined by assigning a complexvalued source coordinate in the spherical-multipole expansion of the field due to a Hertzian dipole in the presence of the PEC circular cone. Since the incident CSB field can be interpreted as a localized plane wave illuminating the tip, the classical exact tip scattering problem can be analysed by an eigenfunction expansion without having the convergence problems in case of a full plane wave incident field. The numerical evaluation includes corresponding near-and far-fields.
Introduction
Scattering and diffraction of a plane electromagnetic wave by a semi-infinite perfectly electrically conducting (PEC) circular cone has often been treated in the literature. A survey on this subject can be found in the classical monograph by (Bowman et al., 1987) . More recently, the scattered field has been obtained by a multipole-based integration of the exact surface-currents for the case of an incident plane wave. However, that solution suffers from a missing convergence of the finally obtained multipole series, and the application of suitable series-transformation techniques has been necessary to asymptotically derive the corresponding limiting values (Klinkenbusch, 2007; Kijowski and Klinkenbusch, 2011) . Particularly, we are interested in the fields related the cone's apex, as the corresponding scattered field can act as a further element to complete asymptotic methods like the Geometrical Theory of Diffraction (GTD) and the Uniform Theory of Diffraction (UTD).
For the analysis of the influence of the tip on the scattered field, we have used a localized plane wave, that is, a complex-source beam (CSB) as the incident field. This can be achieved by simply assigning a complex-valued location to a dipole source. The width, focus length, and direction of incidence of the CSB can be controlled nearly arbitrarily (Orlov and Peschel, 2010) . Combining this powerful tool with the spherical-multipole expansion provides a convergent eigenfunction solution with focusses on the evaluation of the scattered related to the tip of the cone.
Section 2 summarizes the solution of Maxwell's equations in the presence of a PEC circular cone, and in Sect. 3 the complex-source technique is introduced. Finally, we present some numerical results in Sect. 4.
Solution of Maxwell's equations in the presence of a PEC semi-infinite circular cone
Consider a perfectly electrically conducting (PEC) circular cone as illustrated in Fig. 1 with a half outer opening angle ϑ 0 embedded in a homogeneous medium with permittivity ε and permeability µ. We are looking for a solution of the time-harmonic Maxwell's equations at a time factor e +j ωt .
Helmholtz equation in spherical coordinates
The homogenous scalar Helmholtz equation
with the wave number κ = ω √ εµ can be solved in spherical coordinates r, ϑ, ϕ (ϑ represents the polar coordinate.) by a classical separation ansatz. We finally obtain the following elementary solution with z ν being spherical Bessel functions related to (ordinary) Bessel functions by
Particularly we will need (everywhere regular) spherical Bessel functions of the first kind, j ν (κr), and spherical Hankel functions of the second kind, h
ν (κr), satisfying the radiation condition at the chosen time factor e +j ωt .
The spherical harmonics
that is, as products of associated Legendre functions of the first kind P m ν (cos ϑ) in ϑ, and harmonic functions in ϕ. The normalization constant N m ν is chosen such that
Determination of eigenvalues
For the given geometry the solution has to be 2π-periodic in ϕ, hence the eigenvalues m have to be integral. In order to get solutions of the Helmholtz equation for a PEC circular cone as depicted in Fig. 1 , these solutions have to fulfill the boundary conditions on the cone's surface. Therefore we need spherical harmonics that satisfy the Dirichlet condition as well as spherical harmonics that satisfy the Neumann condition at ϑ = ϑ 0 . This can be achieved by finding eigenvalues ν d and ν n (Blume and Krebs, 1994) according to the transcendental equations
which have been solved by means of a suitable numerical procedure, e.g. a bisection method. Moreover, it has been shown by (Katsav et al., 2012 ) that for all valid eigenvalue pairs (ν, m) it holds that m 2 ≤ ν(ν + 1) .
(8) Figure 2 shows the eigenvalue pairs for ϑ 0 = 135 • and ν max = 40 in the ν, m-plane.
Spherical-multipole expansion
Within a homogeneous domain, any solution of Maxwell's equations outside the sources can be constructed by means of a complete set of spherical-multipole functions defined by
provided that is a solution of the scalar homogeneous Helmholtz Eq. (1). They are determined according to
where m and n denote the transvere multipole functions:
To accomplish that the tangential part of the electric field vanishes on the PEC cone's surface, the spherical-multipole expansion of the total field reads 
The electric far-field is found from the asymptotic form of the spherical Hankel function of the second kind for large arguments as
For the evaluation of the scattered field, we simply need to subtract the incident field from the total field where the incident field is computed by a similar approach using a free space spherical-multipole expansion.
Complex-source beam
The complex-source beam (CSB) offers the possibility to describe a focussed beam analytically. If a complex valued location is assigned to a dipole source, a Gaussian beam is generated. The beam's focus, width, and direction can be controlled arbitrarily by the chosen complex location. The complex location vector of the source has the form
where r r gives the actual position of the beam's waist and r i the direction of incidence. The absolute value of r i correspond to the rayleigh length of the generated Gaussian beam.
To clarify this, we insert a complex r into the free space Green's function. We choose a purely imaginary location r :
That means, the beam has a rayleigh length z 0 , has it's waist in the origin, and propagates in z-direction. Assuming a small distance ρ = x 2 + y 2 from the z-axis, a second order taylor series expansion of |r −r | delivers a paraxial approximation:
Inserting Eq. (23) into the Green's function we get:
Ignoring the factor exp (κz 0 )/4π(z + j z 0 ), the result of Eq. (24) directly correspond to the form of the Gaussian beam:
By comparing Eqs. (24) and (25) we can identify following beam parameters: The radius of curvature R is
The radius w of the beam is
where w 0 is the radius at the waist:
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As we can see in Eq. (26), the radius of curvature gets large for z z 0 . That means that there are nearly plane wave fronts close to the beam's waist which are -due to the transverse Gaussian profile -also localized.
Treatment of a complex-valued coordinate in the spherical-multipole expansion
The following equations are special cases of the Gegenbauer addition theorem applied to spherical Bessel functions of zeroth order
− cos(κR) κR = ∞ n=0 (2n + 1)j n (κr)y n (κr )P n (cos γ ).
They are valid for arbitrary complex r, r , γ , κ and provided that
and R = r 2 + r 2 − 2rr cos γ .
Having two position vectors r(r, ϑ, ϕ) and r (r ϑ , ϕ ), the distance |r − r | between this positions can be expressed by R if we choose cos γ = cos ϑ cos ϑ + sin ϑ sin ϑ cos(ϕ − ϕ ) .
By combining Eqs. (29), (30) and the relation we can construct a spherical multipole expansion of the scalar free space Green's function:
This expansion is valid for any complex location r , if the condition Eq. (31) is fulfilled. If it is not, r and r can be permuted due to the Green's function symmetry. This paper only deals with CSBs that point directly to the tip of the cone, so there is only a complex r -component (Katsav et al., 2012) . In this case γ is real and the condition that has to be fulfilled is
This must be considered for the multipole expansions in section 2.3, particulary for Eq. (17), if a complex-source beam is used.
Numerical results
The following of the beam. In the shadow region of the cone we can clearly see diffracted spherically shaped wavefronts. Figure 4 and 5 show the x-and the z-component of the magnetic field. While the incident part of the magnetic field is polarized in z-direction, the reflected part is polarized in x. In both figures diffracted parts can be found. Figure 6 shows the current density distribution on the cone's surface, which can be calculated with
There are two notable creeping waves in the shadow region of the cone. Finally, the magnitude of the scattered far-field is examined; in Fig. 7 it is shown in the form of a far-field pattern, in Fig. 8 it is plotted against ϑ, ϕ. The beam is reflected in every direction of ϕ; the highest values are observed in the direction of propagation. For 90 • < ϑ < 135 • we observe two relatively small maxima, particulary in Fig. 8 . This might be a consequence of the creeping waves, which can be observed in Fig. 6 of the current density.
Conclusions
The scattering of an electromagnetic CSB by a semi-infinite circular cone has been analysed using spherical multipole expansions. Convergent results of the total or scattered field can be obtained for both near-and far-field. So far, only beams pointing directly to the tip of the cone have been considered. Future work will expand this approach to other geometries, e.g. elliptic cones. Furthermore the requirements for CSBs pointing in arbitrary directions will be investigated, so that other parts of the cone can be illuminated.
